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Abstract
In [Questions Answers Gen. Topology 2 (1984) 2–13], Nagata introduced a new function ∗k(X)
for a normal space X and k ∈ N by modifying the function ∆k(X) due to Bruijning and Nagata
[Pacific J. Math. 80 (1979) 1–8]. We shall determine the value of ∗k(X) exactly. This answers a
question of Nagata [Questions Answers Gen. Topology 2 (1984) 2–13, Question 5].  2002 Elsevier
Science B.V. All rights reserved.
AMS classification: Primary 54F45, Secondary 54D15
Keywords: Covering dimension; Star-refinement; Star-index; Normal space
1. Introduction
In [1], Bruijning and Nagata introduced a function ∆k(X) for a topological space X
and k ∈ N to give an interesting characterization of the covering dimension. The function
∆k(X) is defined as the least number m ∈ N such that for every cozero-set covering U of
X with |U | = k there exists a cozero-set covering V of X with |V| m such that V is a
delta-refinement of U . They proved that for every infinite normal space X with dimX = n
and every natural number k,
∆k(X)=
{
2k − 1 if k  n+ 1,(
k
n+1
)+ (k
n
)+ · · · + (k1) if k  n+ 1. (1)
By use of this equation, they gave the following characterization of the covering
dimension (cf. [1, Corollary in §5]): For an infinite normal space X, the equality
dimX= lim
k→∞
log∆k(X)
logk
− 1
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holds. The characterization is motivated by the classical theorem of Pontrjagin and
Schnirelmann [5] (or see [3, §IV.6]): For a compact metric space (X,ρ) and ε > 0, let
N(ε,ρ)=min{|U |: U is a finite open cover of X with U  ε}, and
k(X,ρ)= sup
{
inf
{
− logN(ε,ρ)
logε
: 0 < ε < ε0
}
: ε0 > 0
}
.
Then dimX= inf{k(X,ρ): ρ is a metric for X}.
Nagata [4] introduced a function “star-index” ∗k(X) for a normal space X and k ∈ N
by modifying ∆k(X); i.e., ∗k(X) is the least natural number m such that for every open
covering U of X with |U | = k there exists an open covering V of X with |V|m such that
V is a star-refinement of U . He proved the following inequalities [4, Lemma in §3]:
∆k(X) ∗k(X)
(
k
n+ 1
)
· (2n+1 − 1)+
(
k
n
)
· (2n − 1)+ · · · +
(
k
1
)
· 1,
if dimX = n and k  n+ 1. Then he asked if equalities similar to (1) hold for ∗k(X) [4,
Question 5]. The purpose of the note is to answer the question. We refer the reader to [3]
for the terminology and basic results on dimension theory.
2. A result
We denote by Ckm the set of all m-element subset of the set {1,2, . . . , k} and by
(
k
m
)
the
cardinality of Ckm, i.e.,(
k
m
)
= k!
m! (k−m)! .
For a family U of subsets of a space X and a subset A of X, we denote St(A,U) =⋃{U ∈ U : U ∩A = ∅} and U∗ = {St(U,U): U ∈ U}. A covering V of a space X is called
a star-refinement of a covering U if V∗ is a refinement of U .
Our result is the following.
Theorem 1. Let X be an infinite normal space with dimX = n and k ∈N. Then
∗k(X)=


k · 2k−1 if k  n+ 1,(
k
n+ 1
)
· (n+ 1)+
(
k
n
)
· n+ · · · +
(
k
1
)
if k  n+ 1. (2)
Proof. The idea of the proof is basically due to [1,4]. We shall show only for the case of
k  n+ 1. If k  n+ 1, then we can show by an argument similar to that of the case of
k  n+ 1.
First, we shall show that
∗k(X)
(
k
n+ 1
)
· (n+ 1)+
(
k
n
)
· n+ · · · +
(
k
1
)
.
Let U = {U1,U2, . . . ,Uk} be an open covering of X with |U | = k. Since dimX = n,
there is an open shrinking V = {V1,V2, . . . , Vk} of U such that ordV  n + 1. Let W =
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{W1,W2, . . . ,Wk} be an open covering of X such that Wi ⊂ Vi for each i = 1,2, . . . , k.
For each non-empty subset α of {1,2, . . . , k} and each i ∈ α we put
Gα,i =Wi ∩
⋂
{Vj : j ∈ α} \
⋃{
Wj : j /∈ α
}
,
and G = {Gα,i: α ⊂ {1,2, . . . , k} with α = ∅, i ∈ α and Gα,i = ∅}. Since ordV  n+ 1,
Gα,i = ∅ if |α| n+ 2. Hence
|G|
(
k
n+ 1
)
· (n+ 1)+
(
k
n
)
· n+ · · · +
(
k
1
)
.
It is easy to see that G is an open covering of X and G is a star-refinement of U . Hence
∗k(X)
(
k
n+ 1
)
· (n+ 1)+
(
k
n
)
· n+ · · · +
(
k
1
)
.
Now, we shall show the converse of the inequality. Let {C(α): α ∈ Ckn+1} be a family
of pairwise disjoint closed subsets of X such that dimC(α)= n for each α ∈ Ckn+1 (cf. [1,
Lemma 2]). For each α ∈ Ckn+1 let U(α) = {Uiα: i ∈ α} be an open covering of C(α)
such that every open shrinking V(α) of U(α) has a non-empty intersection. For each
i ∈ {1,2, . . . , k} we put
Ui =
(
X \
⋃{
C(α): α ∈ Ckn+1
})∪ (⋃{Uiα : α ∈ Ckn+1 with i ∈ α}
)
,
and U = {Ui : i = 1,2, . . . , k}. Let V be an open star-refinement of U . To show that
|V|
(
k
n+ 1
)
· (n+ 1)+
(
k
n
)
· n+ · · · +
(
k
1
)
,
it suffices to see that for every natural numbermwith 1m n+1 and each β ∈ Ckm there
are m distinct elements Vβ,1,Vβ,2, . . . , Vβ,m of V such that β = {j ∈ {1,2, . . . , k}: Vβ, ⊂
Uj } holds for each  ∈ {1,2, . . . ,m}. Let m ∈ {1,2, . . . , n + 1} and β ∈ Ckm. There is
γ ⊂ {1,2, . . . , k} such that β ∩ γ = ∅ and β ∪ γ ∈ Ckn+1. We put α = β ∪ γ . Let
K = C(α) \⋃{Ui : i ∈ γ } be the closed subset of C(α). Let Vβ = {V ∈ V : St(V ,V) ⊂
Ui for some i ∈ β}. For each V ∈ Vβ we fix i(V ) ∈ β such that St(V ,V)⊂ Ui(V ), and for
each i ∈ β we put Vβ,i = {V ∈ Vβ : i(V ) = i}. Then {Vβ,i : i ∈ β} is a decomposition
of Vβ . Let Wi = ⋃{V : V ∈ Vβ,i}. Then it is clear that Wi ⊂ Ui for each i ∈ β and
K ⊂ ⋃{Wi : i ∈ β}. We suppose that K ∩ ⋂{Wi : i ∈ β} = ∅. Let {Fi : i ∈ β} be a
closed shrinking of {K ∩ Wi : i ∈ β} in K and {Hi : i ∈ β} be an open swelling of
{Fi : i ∈ β} in C(α) such that Hi ⊂ Wi for each i ∈ β . Since ⋂{Fi : i ∈ β} = ∅ and
{Hi: i ∈ β} is an open swelling of {Fi : i ∈ β}, we have ⋂{Hi : i ∈ β} = ∅. Hence
{Hi: i ∈ β} ∪ {Ui ∩ C(α): i ∈ γ } is an open shrinking of U(α) with empty intersection.
This contradicts with the choice of U(α). Therefore, it follows that K ∩⋂{Wi : i ∈ β} = ∅.
Let x ∈ K ∩⋂{Wi : i ∈ β}. For each i ∈ β there is Vβ,i ∈ Vβ,i such that x ∈ Vβ,i . It is
clear that Vβ,i = Vβ,j if i = j . We shall show that β = {j ∈ {1,2, . . . , k}: Vβ, ⊂ Uj } for
each  ∈ β . Let  ∈ β . For each j ∈ β , we have Vβ, ⊂ St(x,V)⊂ St(Vβ,j ,V)⊂Uj . Hence
β ⊂ {j ∈ {1,2, . . . , k}: Vβ, ⊂ Uj }. Conversely, let j /∈ β . Then we have two cases; j ∈ γ
or j /∈ α. If j ∈ γ , then it follows that x /∈Uj . Hence x ∈ Vβ,j \Uj , and hence Vβ,j ⊂Uj .
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If j /∈ α, then C(α) ∩Uj = ∅. Thus x ∈ Vβ, \Uj , and hence Vβ, ⊂Uj . This implies that
β ⊃ {j ∈ {1,2, . . . , k}: Vβ, ⊂Uj }. This completes the proof. ✷
By the theorem, we have the following the characterization of the covering dimension
without any aid of the function ∆k(X).
Corollary 1 [4]. Let X be an infinite normal space X. Then
dimX= lim
k→∞
log∗k(X)
logk
− 1.
3. A remark
It is natural that we extend the function ∗k(X) to all topological spaces. Let X be a
topological space and k ∈ N. Then, we define ∗k(X) as the least natural number m such
that for every cozero-set covering U of X with |U | = k there exists a cozero-set covering
V of X with |V|m such that V is a star-refinement of U . By an argument used in [1, §4
and §5], we have the following.
Theorem 2. Let X be a topological space with dimX = n 0 and τ (X) is infinite, where
τ (X) denotes the Tychonoff functor introduced by Morita [2], and k ∈N. Then
∗k(X)=


k · 2k−1 if k  n+ 1,(
k
n+ 1
)
· (n+ 1)+
(
k
n
)
· n+ · · · +
(
k
1
)
if k  n+ 1. (3)
Corollary 2. Let X be a topological space with dimX  0 and τ (X) is infinite. Then
dimX= lim
k→∞
log∗k(X)
logk
− 1.
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